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EFFICIENT ELASTIC-PLASTIC DESIGN
OF SMALL FOUNDATIONS

INTRODUCTION

An encrgy method has Boen repornted cater 13] that downites an cfficuont clastue dowgn mcthod
for small foundetions on shipboard sifuctuies  Thie mothod may B used 1o cdcamaoii the Nasy s
Dynamn: Desgn Analysn Method (DDAMY i (hong caves shcte o« wnghe dogtee of froodom (SEO4 4
Wwaem feprosenin  IBC cyuipment foundstion sttyctuty  The swomptson of o SDOE wstem o
cyussalent 10 saying that Ihe salic and hnams sitew and dclicaton Pafictmy otc (AC saMic wo that
diren) appromh Laing adsantage of thrs can iced 10 an ¢focnt dougn mcthod that Yhbiees COCIRY (11
e

The purponc of Ihre tepost « 1o catend the oncgy mcthod wo that (he Toghdation matcihs! undet -
poes closdn phast Drhaswr  Thie nce clat -plasin cnctgy mcthod utdures Both lumi analyes phd the
ntetacbon cfiecis drtween bomding and st as doveloped i plladdaoily Thoots 1t dhown thtough sn
cvampic prodiem that e mothod provedes Toundatson dovgnme that csn oad 1o cubstaningd woght and
COnt redux b

For purpoecs of thin tepott and s ample cakoulatinne Ihe Jougn r Buwd ot the fatlomang
Pypothctxad dowhipimon of Ihe Wk cnvitonment  “The cquipment Toumdait Mo shall by
dewgned 1o withntand clavin plasially Ihe lovet of 4 Y808 cguanaliont aata scchor sson ot 5 st
wecirum peeude-sclocnty. ), of B I/ T sttuctore Jhall ot capoiwetoe o colllaing Mo hatinm o
that al) deficsbons teman semall *

ENVIRONMENTAL DEMCRIPTION

One of the veung probicrms suth DIZAM has Beon (e 8000 1o soipies messwured dhocd tosvonse
for putpones of developing deugn sk Pecits A vgnlicant conthibuton 1o thus problom has boen
repotied eathet (2] 11 wan shoun that when equmaiens-foundstion comnstoe sxckd undct 5 shogk
mnput. the dovgn shack spexire oinained s greatet (han the clanix dowgn dhach apectry

To dcmonstaie this concept. comudet Fig | which dwrss 20 cquapmient that & sitachod 1o s vet
cle by 2 foundatmn  Thin equipment-foundstion dtuctert s swiyeciad 1o wame shock inpwt  Imagine
that five foundations. mdentical ¢wcept for theit saekd poants. ate 10 be each weaenied snd the combungtion
s winected 10 the wme shach wutce  Since exch has the some weught and asmc fised hane (roguencs .
the ekmtic shixk devign value s the sme M exch cowe [ Alvo. swame thet f the whacture romaned
clastic. 2 M ks wirews woukd axcur in the foundation

The tesults might sppear o in Fig 2 This sdwras the shach dewpn valuc vervus fised hase Ire-
quency  Note that shen the foundetion sas mede of 30, SO 30 ke matenal. the sppsrem shack
design velues afe grester than when it e evthet 100 ov 150 ki Therefove. the clawin desgn ssluc « o
mmimurn s thet the 1wo high arength foundations remaeined elavwic fmscinmem dree of 90 kei) snd
the other three foundations went plaviic  Thus. the wesker foundatsoms give tnghet salues for an clanik
design. In other words. if & systern were huilt of 100 ke weel on the bavis of the ¥ ke weel tevt. the
foundetion would be overdesigned

Menwtipt wbwired Angew 17 12
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LIMIT ANALYSIS

A. Besding Ifiects

By waey of mroduction o e aehwe. comdet the cowt of porfarth plastu dohessal of o
material by cramining Ihe sifcwe dnifibulin KoM & SEaE CIMR-Trlion dur W hoading oal) s vhown
mbig 3 Figute Ja) dwows e chmin sifew dniibyinnn whcie Hooke s lew hokds and the toamic and
somprowise sichl sfewes e oqud W cah ciber  Faguty 3B dwows e clasti -Plasitac siten dttiby-
OB an IBe PPy Mol 10 IBE Drem we ivned  Higie. e owbelf pottoms of Uy Boem Bhots Rave
e e e chinin bmudt sy i mecst coiy of iy Boets fomeies ol Fanalhy . o e bued »
cicuned fusihet. 1ig sifcws dintfibution sy iies e Tl phosty cumiiiaon divous an fag 3G 4n the
OGN o phntic Bty e annmicd Lo Chiel 4l IBC ctoe Tl eid U londs thet jewl Praduce this
sUMBLon ot called the collgng nadh.

Conniclur ING comisiavy? DEam wulh & I IOEELN (Tams X TINS sl ied o The GunpMisod tand P
an shown i Fig 3a)  The phovic Binge wil It @ e font of thy DRam WROIT Uhe Mt hond:
g Wwiswes csswd  The loud defhrtion felstoniing fof thin (atiin B ReoR deivionad ot the e
of petfuctly plantic Deavior H] snd in Weiiod @ Fig 4B} We ohwtve et e cotlapu saad £ 4
1§ timen grevtet 1l e laniic b ol P, The (orregponting defintion ohon the collaper
Mo Roninm i+ junt tehied s 2 22 tmes ihg dhontic hnis Jellextion B, T Woreawr o the Soad P an
ping Trom 1he ghantic Nt 1o folly phasic Beigvien in deotilhed o Ty load oPRMCMEN . Wihile Chy
s wadyt Ny Toud- el tion cutse Al temewrnie (N eRetgy PARMICPIRONE o0 Jhowe a0 Fig SN N
SO, W % el dunign Wy Sl o slop Jiatt of fau g  collapwr boad B 5 Sevph MeThod
it wtiliies eRetgy. oRg spisa® fod o comuteeting ety of hy SRRt SIRMRGPMEN Wwould he o
colcuintg 1he sfee wndyt ING corrg AL In elfect o would By avaming thas the hasilth fomeme St
out 10 I colugne loud e reuiity. the Dt et Bun Do Crtpided Win The elewiu PN TRgIOR
Dut R0t of sunieg Ihe collugng Saex tinms

Ne g Bondd commemnens om Pag 4w we moned tiae g SRS dbosiipd B (e irtienet Sioem
coede the o Wit i howed e e bow (ustne (IR g dotged off b waaibdeny Lndetlg to Th oam
volhWong ¢ e,

I adbrion o e camedever Buirm ok Fg 4 calgt Soompies of B seturcud o 8 vty of
lowiog comibtone dicane that Gelesr e dow w0 pndong hemmesh hplregs wmall Goi g order of fon
W Bive nemes the elanin Nomie Jellecrional wond gt thg collaing lowd € omucguenth o 5 provpdurs (ot
ERaniee Aot the ¢ollugng gk Suciemy 1o v Fallly denatoped. then » devigh woslkd fe vuhd sad wogh
0 iont tedus hone wondd Follkow

8. Propped Conttierer Bram

N wvond fxtor thue comeridiates no kaand ek eamens i ho Jewigh e Tesin e 5 wiwgoths idetor.
minunt wrwcrure  Thin lewde we 1o cranuder vy stopped campdever Bt ve Fig S than currips T pon.
cenirared forces Broel of mugmerade P Tr e son readie gpurens ety e plaste Brmgos ot W order
to Catre out 2 et amglyun of e Weavm N covnpliene s n found m Agmendis A whih provades
the correct phastic Mwages thuv sre doen o Fig & The corregumdng baadimg Sugrem  shest Suagiom.
and Bunding-moment dagrae for en comdivons e domn o Fage 7Y TR end (Y rewpectivels
which we Thull evammne i greanty detad en Ve ¢vavigde proliieun

STRESS REMLIANT THEORY

The formation of e plastic Inenges oo thie prosped comrliever easm wa Fiag & g hased wpon the
effect of Demding onls  In realy . there v« teak Jhes ond hewding prewew througinmgt ihe Pesm g
dwen m Fig 7 Sheur effexte Mecrwre ecmecially wagewriane Sor siwy deey Beome and vhwwdd non he
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Ihe following summanses the major assumptions associated with the proposed elastic-plastic
e g method

1 Phe eqwpment-foundation combination is modeled as a SDOF system.

the foundation bohaves as an clastic perfectly plastic material.

T bt anabyas s apphicable for finding the plastic hinges. The collapse load is modified by Eq.
e weerant for e smierachion effects between shear forces and bending moments.

2 The valvulated energy storage capacity of the foundation is underestimated as noted by Egs.
R ) and 1\

3 Tae eqwpment doos not absorb energy.

n  The collapee mechanism is not formed so that deflections remain small.

The propored method has been developed as a practical approach for designing lightweight foun-
Jations For equipment subjected 10 a shock environment. The method is an extension of the elastic
Jeengn method reported earlier (1] An appreciable improvement is experienced in the allowable equip-
Mt werght that mway be carnied under vertical shock loading when the structural foundation undergoes
e phastic deformation.  Another viewpoint of the results is the corresponding dramatic weight reduc-
ot of Foundutiona that are possible by the proposed elastic-plastic design method without compromis-

e tve ek devign goais.
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Appendix A
LIMIT ANALYSIS OF A PROPPED CANTILEVER BEAM

Consider the propped cantilever beam in Fig. A-1 that is 90 units long and is made of an clastic
perfectly plastic material. It is loaded at its third points by equal concentrated loads P and we wish to
establish the beam’s load carrying capacity using limit analysis.

For this beam two plastic hinges will form when the beam experiences a collapse mechanism. [t
is assumed that only bending contributes to the formation of these plastic hinges.

Assume hinges develop at points 1 and 2. Using the Principle of Virtual Work and the collapse
mechanism of Fig. A-2a,

Work of Forces = P% + P = i;ﬁ =90 Py

and the
Work of Moments = M8 + M(28) + M(26) = § M9,
Equating these work expressions,
M=18 P
The structure is now statically determinate and the reactions are calculated as shown in Fig. A-2b. The
moment diagram is shown in Fig. A-2¢ where we observe that the moment at point 3 exceeds the cal-

culated collapse moment of 18 P. Therefore, the true collapse mechanism was not found. However,
the force P = M/24 must be a lower bound to the true collapse mechanism.

If all of the moment values of Fig. A-2b were reduced proportionately such that at point 3 the
maximum moment is 18 P, then the statically admissible moment diagram resufts as shown in Fig. A-
2c. However, there is only one hinge .at point 3) which is not sufficient 1o cause the beam to collapse.
This must be, however, another bound so that

M, <P < M, (A1)
24 ¢ 18 '
where P. = collapse load

M, = plastic hinge moment.

Or, in equation form,
P - 7+ DM, (A2)
< 144 '
Next, assume hinges develop at points | and 3 as shown in Fig. A-3a. Now

Work of Forces = P8 + P%- - l%’i =90 Pg

and the
Work of Moments = M(20) + M(8) + M) = 4M9.

11




Equating once again,

M=225P

The structure is now statically determinate and the reactions can be calculated with the results shown in
Fig. A-3b. The shear and moment diagrams are shown in Figs. A-3¢ and 3d. Note that the maximum
moments occur at the locations of the assumed hinges so that the true collapse load has been found.
Returning to Eq. (A.1) and inserting the true collapse load,

M, M, < M,

24 22,5 18
which shows that the previous calculations for the assumed collapse mechanism in Fig. A-2 were indeed
upper and lower bounds.
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Appendix B
ELASTIC-PLASTIC INTERACTION EFFECTS

An examination of the literature dealing with the interaction effects among axial forces. shear
forces, and bending moments in the plastic analysis of framed structures (4.6-9] reveals considerable
activity over twenty years ago. N is apparent that no definitive result for this complex problem has
evolved to date. However, there is sufficient information available from which the following conserva-

tive interaction relationship has been developed:
=12 -2 (B.1)
D, S,

My | (e

Ml‘ DI'

M =bending moment present

M, =limiting valuc of the bending moment in the absence of
shear and axial forces

D =uxial force present

D, =limiting value of the axial force in the absence of
bending and shear

S =shear force present

S, =limiting value of the shear force in the absence of
axial forces and bending

where

It is interesting 10 observe that if the axial force is not present. Eq. (B.1) reduces 10 the following
expression proposed by Hodge [7] between bending and shear:
)

M) s
ME -2, (B.2)
‘M,,l S, B

Also, if the shear force can be neglected, Eq. (B.1) reduces to the relationship proposced by Phillips [4)
when the bending moment and axial force are present:

2
M -] - D 3
[ M, l [l D, ] (B.3)

Figure B-1 is a sketch of Eq. (B.1). Note that the type of curve on each of the three orthogonal
planes are labeled. namely, a circle on the moment-shear force plane. a circle on the axial force-shear
force plane, and a parabola on the moment-axial force plane. While Eq. (B.1) does not appear in the
literature, each of these two-dimensional cases has been proposed by other researchers.
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Appendix C
REDUCED MOMENT OF INERTIA

As the loads on a structure approach the collapse load condition, the plastic region grows along
the length of the structural member where the plasuc hinge(s) will ultimately form. For example, big.
{C-1) shows a simply supported beam of rectangular cross-section loaded by a concentrated load P n
case A and a uniformly distributed load ¢ in case B Assuming that the plastic zone covers the upper
and lower quarter of the cross-section at the center of cach beam, and neglecting shear cffecis, we
observe that the clastic-plastic zones measure 0.272 L for case A and 0 522 £ for case B as indicated by
the shading of the beam. Consequently, for the clastic-plastic conditions shown n Fig (C-1) we have
reduced moment of inertia /, present in the plastic zones. [t can be shown that [4)

L=2,+2y58, «

where

21, = moment of incrtia of the clastic region of the cross-section
with respect 1o the neutral axis. note that this is lcss than
the moment of inertia of the total depth of the beam when it is fully clasuic
¥, = distance of the elastic-plastic boundary from the
ncutral axis of the beam
S, = statical moment of the plastic region below the neutral
axis taken with respect to the ncutral axis of the beam /

For example. the reduced moment of inertia at the center of the beams undergoing bending effects
only in Fig. (C-1) is obtained as (ollows:

3

bh' 3 bt _ h
=3 =33 Y= 3
Substituting into Eq. (C.1), J
AL
I = o5 bh 3

This compares with the fully-elastic moment of inertia of

Lot
I =37 bh

or a 31.25% reduction in the moment of inertia at the center of the beam.

The reduced moment of incrtia phenomenon, which should include the interaction effects
between shear and bending, is not treated in the calculations for the bending encrgy stored in the
propped cantilever beams. This means that

fl. MI dx < [ M2 dx
o 2El o 2 El

30 that the bending energy calculated is less than that which is available during elastic-plastic deforma-
tion.
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